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Abstract—The naïve Bayes classifier plays an important role 
among the classifiers based on supervised learning, although it 
requires strong condition on the feature independence 
assumptions. A measurement for the independency checking in 
the data preprocessing is necessary to guarantee the effectiveness 
of the classifier.  Copula Theory is a mathematical tool in 
dependency modeling. In this paper, we recall elements of 
copulas and introduce a new algorithm to construct multiscale 
copula estimators which can be used for the independency testing 
to improve the accuracy of the Naïve Bayes classifier.   

Keywords — Copula, nonlinear independency modeling, Naïve 
Bayes classifier, probabilistic classifier, non-parametric copula 
estimator.   

 

I. INTRODUCTION 

Copula was first adopted by Abe Sklar in 1959 to describe 
statistical models [1]. It is a function connects joint 
distributions and their margins. As mentioned in [2], the name 
“copula” was chosen to emphasize the manner in which a 
copula “couples” a joint distribution with its univariate 
margins. It separates the joint distribution into two 
contributions, the marginal distributions of the individual 
variables and the interdependency of the probabilities. A 
detailed description of the copula theory can be found in [2, 
3]. Copulas were introduced to model statistical dependency 
in the mid-nineties. Since then, numerous papers have been 
published to advance the theory and application of copulas. 
The most active areas of applications are found in finance, 
economics (see [4], and the survey paper [5]), risk 
management ([6]-[10]) and related areas such as insurance and 
actuarial science.  Its connection to the area of machine 
learning was overlooked until recent years [11]. Copulas have 
been used by the data preprocessing for the probability 
classifier  - Naïve Bayesian Classifier ([12]-[19]) to improve 
the efficiency of the classifiers, for example. These 
applications motivate the study of the analytical properties and 
numerical construction of copulas. In particular, the multiscale 
copula based on wavelets, which has the potential to measure 
the independency at different levels.  
 
This paper served as an introduction to the multiscale copula 
and its connection to supervised learning. It is organized as 
follows, following this introduction, elements of copula theory 
will be reviewed in section 2. Section 3 discuss the algorithm 

used to construct bivariate copula. Numerical examples are 
shown in section 4. The article is concluded with a summary 
and areas of future studies.   
 

II. BACKGROUND 

A. Copulas  

There are a great variety of families of copulas that can used 
for different application purposes. Different copulas have their 
own characteristics and may fit different types of data. 
Commonly used properties that a “good” parametric family of 
multivariate copulas should have to be considered 
“interesting” in statistical applications are 

• Interpretability 
• Flexible and wide range of dependence.  
• Easy-to-handle 

The foundation of the theory of copulas are base on the 
following definition by Sklar.  
 
Definition (Copula in n-dimension). Let F be a n-dimensional 
cumulative distribution function(cdf) with margins F1,…, Fn, 
Then there exists a n-copula C such that for all (y1,…, yn): 
 

 
C is a n-d operator, it is a distribution function with margins 
F1,…, Fn and satisfied the following conditions,  

 
 
The bivariate copulas (n=2), attracts most of the attention in 
the research community and they can be used in bi-objective 
feature selection for discriminant analysis in two-class 
classification.  
The 2-copula has the following properties: 
For every u and v in [0,1], we have 

1. Uniformity of margins.  
C(u; 0) = 0 = C(0; v), C(u; 1) = u and C(1; v) = v; 

2. 2- increasing property.  
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For every u1; u2; v1; v2 in [0,1] and u1 ≤ u2 and v1 ≤ v2, 
then 

C(u2; v2) − C(u2; v1)- C(u1; v2) + C(u1; v1) ≥ 0. 
 

            
Fig. 1. Graphical illustration of 2-increasing property (highlighted area 

represent the left side of the inequality. 
 

B. Examples of Copulas 

Example 1. Gaussian copula. The most popular copula is the 
Gaussian copula. Gaussian Copula. X and Y are random 
variables following Gaussian distribution,  

 
Where, ρ  is the correlation coefficient of the random 

variables X and Y. A Gaussian copula is show in Fig. 2.  
 

 
Fig. 2. Gaussian copula. 

 
Fig.2 shows the cumulative probability of the Clayton copula. 
We can easily verify these properties. More examples of 
copulas are show in Table 1.  
 
 
Example 2.  Clayton copula. The Clayton copula is asymmetry.  
Symmetric density and thus unable to catch the skewness (3rd 
moment) associated with many risky, real world events. 
Asymmetric copulas perform better in modeling simultaneous 
extreme events in either or both tails. 
 
 

 
 

  
Fig. 3. Clayton copula (from different viewpoints). 

 
 
Example 3. Independence copula. The independence copula is 
a generalization of the Gaussian copula when correlation 
matrix of the two random variables are identity matrix, 
 

( , ) (1 )(1 )C u v uv uv u vθ θ= + − − ,  
 

where parameter [0,1]θ ∈  .  

 

 
Fig. 4. Independence copula 1,  0,  and 1θ = − . 

 
Independence copula is used to define dependence classifier 
with θ  as visual distance (as defined in optics).  

III. CONSTRUCT COUPLAS 

Using definition to construct copulas presents challenges at 
most of the cases. The following theorem plays a significant 
role of construct a class of copulas -  Archimedean copulas.  
 
Theorem [2, p. 111] Let  :  I [0, ] ϕ → ∞   be a continuous, 

strictly decreasing function from I to [0;1] such that ϕ (1) = 0, 

and let [ 1]ϕ −  be the pseudo-inverse of  ϕ  defined by 

 
 
Then the function C from I2 to I given by  

 
is a copula if and only if  ϕ  is convex.  

1 1( , ) ( ( ), ( ))X YC u v F F x F yρ ρ
− −=
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Function ϕ is called the generator of the copula. Table 1 

shows  some well known copulas and their generators.  

TABLE I.  EXAMPLES OF COPULA  

 
 

[20]-[22] have some discussions for copulas in higher 
dimensions.  
 
In practice, parametric and nonparametric methods are used to 
estimate copula. Fig. 5 shows a multiscale Frank copula we 
constructed using raised cosine wavelets, where ( , )mf x y  is 

typical wavelet approximation of Frank copula at level m.  
 

 

Fig. 5.  A wavelet multiscal Frank copula (scale level m=3) 

 

IV. SUMMARY AND FUTURE STUDY 

In this article, we focus on brief review of the elements of 
copula theory and properties. More details for the algorithm to 
construct the multiscale copula will be reported separately.  
Our future study will be concentrated on two areas of 
applications: improving the accuracy of naïve Bayes classifier 
and coupling/decoupling algorithms in data integration 
modeling.    
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